Type Theory — 2017-07-18

Exercise 1. Prove that, in any cartesian closed category, the following n law
holds, for any objects A, B.

Aapply 45 = idys

Exercise 2. Replace the placeholders below so to make the following typing
Jjudgments correct, in the Calculus of Constructions.

1) Fix—=x—x* z:([],,a— Faa),
: (Haﬁ’,ﬁ*(ﬁ — ) = Faf — Fay)

g
I—:(Ha’ﬁ:*a—>6—>Fo¢ﬁ)
2) a:x, Bix, Aia—x, B:B—x,

h:(Ilt.0mpllaada = B(fa), v o, w: Az

I—:Hb:ﬁBb

Exercise 3. In System F extended with products, consider two types 7,0 with
no free occurrence of a. Prove that, in any parametric model, if

f:Va. (1 xa) = (1 x (a x 7))

then (informally) for any v and any x : 7,y : v we have m (m2(f[7](z,y))) = y.
To do so, establish the following formal category-theoretic statement: for any
z:1—=71,y:1— 7, we have

(T, y); fyimasmi =y

Exercise 4. Consider a diagram D of the form A % Z & B. A D-cone over
such diagram is a triple (X, f: X — A,g: X — B) such that f;a = g;b.

1. Prove that D-cones form a category, where a morphism (X, f,g9) = (X', f',¢")
18 a morphism h : X — X' such that f = h; f' and g = h;g'.

2. Prove that, when Z =1 is a final object, there exists a final D-cone if and
only if there exists a product object A X B.

Exercise 5. Consider an extension of System F with existential types Ja.t
(where v can occur in T) with typing and computational rules

Pht:3ar Tio:7he:y aé free(T,y)
I'Fcaset of (a,2) > e:y

THt:7{c/a}

'k {o,t)ar:Ja. T 5]

[31]

(case (0,t)a,r of (a,z) =€) =g e{o/a,t/z} (n rule omitted)
1. Assume a ¢ free(d). Prove there is an isomorphism
f: Ba.71)=0 ~ Va.7—9)

by providing two suitable X terms f, f~'. Verify that f(f~*(t)) =gy, t for
any t:Va. 7 — 0. (You do not have to verify the other direction.)

2. Ezxploit the above property to prove that, if B does not occur in T, in any
parametric model we have the isomorphism

Ba. 7) = (V6. Va. 7 — B) — B)



