Type Theory — 2017-06-20

Exercise 1. Prove that, in a cartesian closed category, the following naturality
law holds, for all objects A,B,C,D and all morphisms f : A — B and g :
BxC—D.

A((f xido); g) = f;Ag

Exercise 2. Replace the placeholders below so to make the following typing
Jjudgments correct, in the Calculus of Constructions.

1) a:*,P:a—)*,Q:a—)*l—:
(Il (Pa — Qa)) —
(Hﬁ* Ha:a((Pa - 6) - 6)) -
(Hﬁ* Ha:a((Qa — 6) - ﬁ))
2) a:*,f:*—>*,m:l—
Ay . za(z(fa)y) :
f(fa) =«

Exercise 3. Prove the following properties on System F types, assuming para-
metricity. You can exploit known results, as long as you mention what you use.
(Below, we let 2 =1+ 1, T? =2 — T and associate +, X to the left.)

1) (a+B)~a?+2xaxpB+p2
2) Va.a— (axa)~1

Then, explicitly provide X terms for such isomorphisms and their inverses. (You
are not required to prove these terms are isomorphisms.)

Exercise 4. Let 1,0 be two System F type variables. Define a System F encod-
ing T of the recursive type

pX1l+(r—= (X x0))x X

Then, find a type U ~ T such that U is of the form Vaq,...,a, .U withn >0
and U’ involving only type variables 7,0, a1, ... and — types.

Exercise 5. Consider the standard interpretation of the simply-typed A calculus
in a cartesian closed category C. Define the morphism in C associated to the
following typing judgment, where 7,0 are basic types.

z:7 = o xXTE Ay T (x(me(zy))) T >0

Exercise 6. Let C be a category. Define the category C™ as the one having as
objects the morphisms of C, and as morphisms the “commuting squares” in C.
More precisely:

C7|={(A,B,f)| A,Be|C|Nf:A—¢ B}
CH((A7vi)’(O’D’g)):{<m:A—>C C,n:B = D) ‘ f;n:m;g}

1. Precisely define the composition of morphisms in the “obvious” way.
2. Verify that C™ is indeed a category.

3. Let D be the two-points preorder 1. C T, seen as a category. Prove that the
category [D,C] (which has functors as objects and natural transformations
as morphisms) is isomorphic to C.



