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Computability Assignment

Year 2012/13 - Number 1

Please keep this �le anonymous: do not write your name inside this �le.

More information about assignments at http://disi.unitn.it/∼zunino/tea
hing/
omputability/assignments

1 Question

De�ne a binary property p(x, y) over natural numbers su
h that we have both

1. ∀x ∈ N.∃y ∈ N.p(x, y)

2. ¬∃y ∈ N.∀x ∈ N.p(x, y)

Provide a de�nition for p, and a proof for the above 
laims.

1.1 Answer

Write your answer here.
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2 Question

Let A,B be two sets. Prove that the properties below are equivalent.

• A = ∅ ∨B = ∅

• A×B = ∅

2.1 Answer

Write your answer here.

3 Preliminaries

Given an in�nite sequen
e of sets (Ai)i∈N, we de�ne

⋃

∞

i=0
Ai =

⋃

{Ai | i ∈ N}

and

⋃k
i=0

Ai =
⋃

{Ai | i ∈ N ∧ i ≤ k} = A0 ∪ A1 ∪ · · · ∪ Ak.

4 Question

Assume (Ai)i∈N to be an in�nite sequen
e of sets of natural numbers, satisfying

A0 ⊆ A1 ⊆ A2 ⊆ A3 · · · ⊆ N (∗)

For ea
h property pi shown below, state whether

• the hypothesis (∗) is su�
ient to 
on
lude that pi holds; or

• the hypothesis (∗) is su�
ient to 
on
lude that pi does not hold; or

• the hypothesis (∗) is not su�
ient to 
on
lude anything about the truth

of pi.

Justify your answers (brie�y).

1. p1: ∀k ∈ N. Ak =
⋃k

i=0
Ai

2. p2: for all i, if Ai is in�nite, then Ai = Ai+1

3. p3: if ∀i ∈ N. Ai 6= Ai+1, then

⋃

∞

i=0
Ai = N

4. p4: if ∀i ∈ N. Ai is �nite, then
⋃

∞

i=0
Ai is �nite

5. p5: if ∀i ∈ N. Ai is �nite, then
⋃

∞

i=0
Ai is in�nite

6. p6: if ∀i ∈ N. Ai is in�nite, then
⋃

∞

i=0
Ai is in�nite
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4.1 Answer

Write your answer here.
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Please do not submit a �le 
ontaining only the answers; edit this

�le, instead, �lling the answer se
tions.

5 Question

Let A,B be sets, and let idA, idB denote the identity fun
tions over A and B
respe
tively. Assume f ∈ (A → B) and g ∈ (B → A) be fun
tions satisfying

g ◦ f = idA and f ◦ g = idB. Prove that f is a bije
tion (i.e., inje
tive and

surje
tive).

5.1 Answer

Write your answer here.

6 Question

Let A,B be sets, and let f ∈ (A ↔ B) be a bije
tion. De�ne a bije
tion

g ∈ (P(A) ↔ P(B)) and prove it is su
h.

6.1 Answer

Write your answer here.

7 Question

Let A,B be two sets, and let b 6∈ B. De�ne a bije
tion f between the set of

partial fun
tions (A B) and the set of total fun
tions (A → B ∪ {b}). Prove
that is is su
h.

7.1 Answer

Write your answer here.

Note.

The exer
ises below are harder. Feel free to skip them if you �nd them too hard.
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8 Question

De�ne a bije
tion f ∈ [(P(A)× P(B)) ↔ P(A ⊎B)]. Prove that is is su
h.

8.1 Answer

Write your answer here.

9 Question

De�ne a bije
tion f ∈ [((A ⊎B) → C) ↔ ((A → C)× (B → C))]. Prove that is
is su
h.

9.1 Answer

Write your answer here.

10 Question

De�ne a bije
tion f ∈ [((A → (B × C)) ↔ ((A → B)× (A → C))]. Prove that

is is su
h.

10.1 Answer

Write your answer here.
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11 Preliminaries

A partial fun
tion g is said to be a restri
tion of a partial fun
tion f , written

g ⊆ f i�

∀x ∈ dom(g). g(x) = f(x)

Note: this notation �overloads� the symbol ⊆. Indeed, we shall write A ⊆ B
to express a subset relation between two sets, and g ⊆ f to express a restri
tion

relation between two fun
tions.

(From a formal point of view, sin
e we de�ned fun
tions as set of pairs the

two notions 
oin
ide: the restri
tion relation above is equivalent to requiring

that 〈a, b〉 ∈ g =⇒ 〈a, b〉 ∈ f for all a, b, whi
h indeed states that g is a

�subset� of f).

12 Question

Let F be the set of partial fun
tions {f ∈ (N N)|∀x ∈ N. f(2 · x) = x}.

• De�ne two distin
t partial fun
tions f1, f2 whi
h belong to F . (I.e, provide

two su
h examples.)

• De�ne two distin
t partial fun
tions g1, g2 whi
h do not belong to F . (I.e,

provide two su
h examples.)

• De�ne a partial fun
tion f ∈ F , and 
onsider the set of its �nite restri
-

tions G = {g ∈ (N N)|g ⊆ f ∧ dom(g) �nite}.

� De�ne two distin
t partial fun
tions h1, h2 whi
h belong to G. (I.e,

provide two su
h examples.)

� Prove whether F ∩ G = ∅.

12.1 Answer

Write your answer here.
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Note.

The next part is an advan
ed exer
ise. I'd suggest to skip it, unless you want

an extra 
hallenge.

13 Preliminaries

Let R be a set of inferen
e rules over elements of a set A. Then, R indu
es a

fun
tion R̂ ∈ (P(A) → P(A)) given by

R̂(X) = {y | ∃(
x1 . . . xn

z
) ∈ R ∧ y = z ∧ ∀i ∈ {1, . . . , n}.xi ∈ X}

14 Question

Let m,n range over natural numbers. Consider the following set of inferen
e

rules R

n m

n ·m 1

n

n · 2

an the sets

E = {2 · n | n ∈ N} O = {2 · n+ 1 | n ∈ N}

Then, answer the questions below.

1. State whether R̂(O) ⊆ O

2. State whether O ⊆ R̂(O)

3. State whether R̂(E) ⊆ E

4. State whether E ⊆ R̂(E)

5. State whether R̂(N) ⊆ N

6. State whether N ⊆ R̂(N)

7. State whether R̂(E ∪ {1}) ⊆ E ∪ {1}

You may whish to exploit the answer for some question when answering another.

Finally:

1. Chara
terize the minimum �xed point of R̂, i.e.

⋂

{X | R̂(X) = X}

2. Chara
terize the maximum �xed point of R̂, i.e.

⋃

{X | R̂(X) = X}

14.1 Answer

Write your answer here.
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15 Question

(I am re-proposing this exer
ise sin
e only a few students solved it. This exer
ise

is rather important, sin
e it involves a reasoning whi
h frequently appeared

in past exam questions. While we shall see more examples of these 
on
epts

in 
lass, it would be useful to start exer
ising on that. If you have already

sumbitted an answer, skip this and do not resubmit your answer please.)

Let F be the set of partial fun
tions {f ∈ (N N)|∀x ∈ N. f(2 · x) = x}.

• De�ne two distin
t partial fun
tions f1, f2 whi
h belong to F . (I.e, provide

two su
h examples.)

• De�ne two distin
t partial fun
tions g1, g2 whi
h do not belong to F . (I.e,

provide two su
h examples.)

• De�ne a partial fun
tion f ∈ F , and 
onsider the set of its �nite restri
-

tions G = {g ∈ (N N)|g ⊆ f ∧ dom(g) �nite}.

� De�ne two distin
t partial fun
tions h1, h2 whi
h belong to G. (I.e,

provide two su
h examples.)

� Prove whether F ∩ G = ∅.

15.1 Answer

Write your answer here.

16 Question

Consider the following fun
tion:

f(n) =

n
∑

i=0

i2 + i

Write a FOR loop implementing f , then translate it in the λ-
al
ulus as

program F1.

Then, write a re
ursive Java-like fun
tion implementing f , and translate it

in the λ-
al
ulus as program F2.
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16.1 Answer

Write your answer here.

17 Question

Consider the following fun
tion:

f(n) =

{

x2 + y if n = pair(inL(x), y)

x+ 4 · y if n = pair(inR(x), y)

Convin
e yourself that f is de�ned for all naturals n, i.e. it is total.
Write a λ-term implementing fun
tion f , exploiting the programs Pair, Proj1, P roj2, InL, InR,Case, . . .

we saw in 
lass (also de�ned in the notes).

17.1 Answer

Write your answer here.
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18 Question

Write a λ-term M implementing the following spe
i�
ation:

M ppnqq = pλx0 . . . xn. xnxn−1 · · ·x0q

(Note: The notation ppnqq above stands for the numeral n, while pNq stands
for pp#Nqq � inside L

Y

X it's hard to tell them apart, but will appear 
orre
tly

in the PDFs)

18.1 Answer

Write your answer here.

19 Question

Write a λ-term M whi
h, when given as input pNq, evaluates to pOq, where O
is obtained from N by repla
ing every synta
ti
 o

urren
e of Ω with I.

To the purpose of this exer
ise, assume Ω = (λx0.x0x0)(λx0.x0x0) and I =
λx0.x0.

For example, here are some expe
ted outputs:

M pλx5.Ωq =βη pλx5.Iq
M pλx3.KΩq =βη pλx3.KIq

M pλx1.x1Ω(λx7.x1Ω)q =βη pλx1.x1I(λx7.x1I)q
M p(λx0.x0x0)(λx0.x0x0)q =βη pIq

M p(λx1.x1x1)(λx1.x1x1)q =βη p(λx1.x1x1)(λx1.x1x1)q

Hint: use Sd, et
. as approprate.

19.1 Answer

Write your answer here.
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20 Question

Prove that the following set is not λ-de�nable.

A = {#M | M has a β-normal form}

(Hint: show that, if A were λ-de�nable, then also Kλ would be λ-de�nable,
hen
e obtaining a 
ontradi
tion.)

20.1 Answer

Write your answer here.

21 Question

Let A be a λ-de�nable set. Prove that

B = (A ∪ {b1, . . . , bn}) \ {c1, · · · , cm}

is also λ-de�nable.
(Hint: do not reinvent the results we saw in 
lass, just apply them.)

21.1 Answer

Write your answer here.

22 Question

Let A be a non λ-de�nable set. Prove that

B = (A ∪ {b1, . . . , bn}) \ {c1, · · · , cm}

is also non λ-de�nable.
(Hint: prove the 
ontrapositive. That is, prove that if B were λ-de�nable,

then also A would be su
h.)

22.1 Answer

Write your answer here.
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23 Question

Prove that the following set is not λ-de�nable.

A = {#M | ∃n ∈ N. Mppnqq =βη pp5qq}

23.1 Answer

Write your answer here.

24 Question

Prove that the following set is semanti
ally 
losed. Then, prove that it is λ-
de�nable.

A = {#M | ∀N ∈ Λ. N M =βη I}

24.1 Answer

Write your answer here.

Note.

The following exer
ise is harder. Feel free to skip it.

25 Question

Prove whether the following set is λ-de�nable.

A = {#M | MpMq =βη M}

(Note: there is at least one simple solution to this. You do not need to try

huge formulae for this.)
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25.1 Answer

Write your answer here.
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26 Question

Assume that f is a re
ursive partial fun
tion satisfying the following property:

∀n,m ∈ N. f(2n3m) =

{

m+ 1 if φn(m) = 0

0 otherwise

(Note that the above makes no guarantees on e.g. what f(7) a
tually is).

Prove that:

1. The set A = {n | φn(5 · n) = 0} is re
ursive.

2. (Harder, feel free to skip it)

The set B = {n | φn(2) = 5} is re
ursive.

(Note: a
tually f is a non re
ursive fun
tion, and A,B are non re
ursive sets.

Still, I'm interested in how one proves the above portion of a redu
tion argu-

ment.)

26.1 Answer

Write your answer here.
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27 Question

Prove that the set

A = {n | φn(5 + n) = 7}

is RE .

27.1 Answer

Write your answer here.

28 Question

Prove that the set A de�ned above is not re
ursive, following the sket
h below:

1. Prove that g(n, x) = 7 · χ̃K(n) is a re
ursive partial fun
tion.

2. Prove that f(n) = #

(

λx.

{

7 if n ∈ K

undefined otherwise

)

is a re
ursive total

fun
tion.

3. Prove that χK(n) = χA(f(n)) for all n. (If n ∈ K then ... If n /∈ K then

...)

4. Prove that is A were re
ursive, then the set K would be re
ursive as well.

5. Con
lude that A 
an not be re
ursive.

28.1 Answer

Write your answer here.

29 Question

Prove whether the set Ā is RE , with A as de�ned above.
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29.1 Answer

Write your answer here.
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Note

Remember that undefined 6> x for any natural x.

30 Question

Consider the set

A = {n | ∀x ∈ N. φn(x) > x}

Prove that K ≤m A.

30.1 Answer

Write your answer here.

31 Question

Prove that K̄ ≤m A, with the above A.

31.1 Answer

Write your answer here.

32 Question

Consider the set

B = {pair(n,m) | φn(0) = φm(0)}

Prove that K̄ ≤m B.

32.1 Answer

Write your answer here.
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