
Computability Midterm Test 1 — 2008-10-29

Exercise 1. For each of the following λ-terms, state whether it has a βη-

normal form. Justify your answer.

Θ(KI), KIΩ, pp2qqpp2qq, Mul 0Ω

Answer.

• Yes, Θ(KI) =βη KI(Θ(KI)) =βη I 6→βη

• Yes, KIΩ =βη I 6→βη

• Yes, pp2qqpp2qq =βη (λsz. s(sz))pp2qq =βη λz. pp2qq(pp2qqz) =βη λz. (λsz. s(sz))(pp2qqz) =βη

λz. (λz̄. (pp2qqz)((pp2qqz)z̄)) =βη λzz̄. pp2qqz(pp2qqzz̄) =βη λzz̄. pp2qqz(z(zz̄)) =βη

λzz̄. z(z(z(zz̄))) =βη λsz. s(s(s(sz))) =βη pp4qq 6→βη

• Yes, Mul0Ω =βη 0(AddΩ)0 =βη 0 6→βη

Exercise 2. Compute the natural number #(λx0.λx1.x1). Then, define M

such that #M = 224. Then, define N such that #N = 49.

Answer.

• #(λx0.λx1.x1) = inR(inR(pair(0,#(λx1.x1)))) and #(λx1.x1) = inR(inR(pair(1,#(x1))))
and #x1 = inL(1) = 2. Unfolding the definitions, we get 1987.

• 224 is even: 224 = inL(112). So, M = x112.

• 49 is odd: 49 = inR(24). 24 is even: 24 = inL(12). So, N is an
application N1N2. By a table lookup, 12 = pair(2, 2). So, #N1 =
#N2 = 2. 2 is even: 2 = inL(1). So, N = x1x1.

Exercise 3. State whether these functions and sets are λ-definable, and

justify your answer.

f(n) =
∏n−1

i=0 (i
2 + 1)

A = {#M |(λx.M) =βη I} B = {#M |∃N.#M = #(NN)}

C = {#M |M =βη KM} D = {#M + 1|M =βη pMqPred pMq}

g(n) =

{

2 · n when n = #M and M =βη I

5 otherwise

Answer.



• f(0) = 1 and f(n) = ((n − 1)2 + 1) · f(n − 1) otherwise. So f is
λ-defined by

F = Θ(λfn.Eqn0pp1qq(Mul(Succ(Mul(Predn)(Predn)))(f(Predn)))

• We apply Rice’s Theorem to A. Clearly, #x ∈ A, so A 6= ∅. Also,
#y 6∈ A, so A 6= N. Then, assuming #M ∈ A and M =βη N , we
get I = λx.M =βη λ.N , so also #N ∈ A, and A is closed under βη.
Result: A is not λ-definable.

• B is λ-defined by

VB = λm.Casem (KF)(λy.Case y (λz.Eq(Proj1 z)(Proj2 z))(KF))

(2010 note: this is now done using Sd in a simpler way.)

• C is not λ-definable: we apply Rice’s Theorem. #(ΘK) ∈ C by the
fundamental fixed point property. #I 6∈ C, otherwise I =βη KI =βη

λxy.y and the latter is a normal form distinct from I, so 6=βη. So,
∅ 6= C 6= N. To show C closed under βη, take #M ∈ C and M =βη N ,
we then getN =βη M =βη KM =βη KN , so #N ∈ C. This concludes.

• D is not λ-definable. We first note that ppnqqPredppnqq = 0, for any
n. So, we get D = {#M + 1|M =βη 0}. By contradiction, assume
D to be λ-defined by VD. Then, VE = λm.VD(Succm) proves that
E = {#M |M =βη 0} is λ-definable: if n ∈ E, then n + 1 ∈ D and
VEppnqq = VDppn + 1qq = T; otherwise if n 6∈ E, then n + 1 6∈ D and
VEppnqq = VDppn + 1qq = F. We get a contradiction by showing that
E is actually λ-undefinable. By Rice, #0 ∈ E and #pp1qq 6∈ E. Also,
taking #M ∈ E and M =βη N , we then get N =βη M =βη 0, so
#N ∈ E. This concludes.

• g is not λ-definable. By contradiction, assume G defines it. Then the
set A = {#M |M =βη I} can be λ-defined by VA = λm.Even(Gm).
Indeed, if n ∈ A, then g(n) = 2·n and VAppnqq = T; otherwise if n 6∈ A,
then g(n) = 5 and VAppnqq = F. We get a contradiction by showing
that A is actually λ-undefinable. By Rice, #I ∈ A and #Ω 6∈ A. Also,
taking #M ∈ A and M =βη N , we then get N =βη M =βη I, so
#N ∈ A. This concludes.

Exercise 4. Prove or refute the following statements.

• A is λ-definable if and only if A \ {5} is λ-definable.

• If A and B are not λ-definable, then A ∪B is not λ-definable.

• If A is not λ-definable and A ⊆ B, then B is not λ-definable.
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Answer.

• The first point holds. (⇒) If A is defined by VA, then VA\{5} =
λn.Eqn pp5qqF (VAn) defines A \ {5} (trivial check).

(⇐) If A \ {5} is defined by VA\{5}, then we consider two cases. If
5 6∈ A, then A \ {5} = A and choosing VA = VA\{5} is enough to
λ-define A (trivial check). Otherwise, if 5 ∈ A, we choose VA =
λn.Eqn pp5qqT (VA\{5}n), and this λ-defines A (trivial check).

• The second point does not hold, in general. Take A to be any λ-
undefinable set (e.g. A from Exercise 3). Pick B = N \ A. We have
that B is not λ-definable: otherwise VA = λn.Not (VBn) defines A.
However, A ∪B = N which is trivially λ-defined by KT.

• The third point does not hold, in general. Take A to be any λ-
undefinable set (e.g. A from Exercise 3). Pick B = N. Clearly, A ⊆ B,
but B is trivially λ-defined by KT.

Exercise 5. Define λ-terms M1, . . . ,M5 such that

∀N. M1pNq =βη pNNKq

∀N, i. M2pλxi. Nq =βη pλx33. NNq

∀N. M3pNq =βη pλx#N . Nq

∀N. M4pNq =βη pNpM4qq

∀N ∈ Λ0. M5pNq =βη N pp#N + 1qq

Answer.

(2010 note: all of these can now be done using Sd,Var,App,Lam in a
simpler way.)

• M1 = λn.App(Appnn)pKq

• M2 = λn.CasenΩ (λy.Case yΩ (λz. InR(InR(Pairpp33qqN))))
N = InR(InL(Pair(Proj2 z)(Proj2 z)))

• M3 = λn. InR(InR (Pairnn))

• We rewrite the question as
M4pNq = App pNq ppM4qq, which is
M4pNq = App pNq (NumpM4q), which is
M4 = (λmn.Appn (Numm))pM4q.
The above is not yet a proper definition, but such an M4 can be
constructed through the second fixed point theorem. To be precise,
M4 = MpMq, where
M = λw.F (Appw (Numw))
F = λmn.Appn (Numm).
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• M5 = λn.En (Succn)
where E is the universal program.
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