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Exercises on Modal Logics

Exercise

Prove that the following formulas are valid. l.e., they are valid in
every frame.

Q O(p V) D (0dVOY)
Q O(@ny) D09

Q@ O A QY D O(dAY)

O O¢ > (Oy > -U-)

Q@ O"Lo>-0"L for m<n
Q OV O—pVvOL

Q OopVvO-9V (0 A O9)
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Q 06 V) D(0pV oY)
o IFM,wE O(d V),

® then there is a w' accessible from w (i.e., wRw’) such that
M,w' E VY
@ which implies that either M, w’ = ¢ or M, w' =
o If M,w' = ¢, then, since wRw’' we have that M, w = (¢
o If M,w' =1, then, since wRw' we have that M, w |= O¢
® in both cases we have that M, w = O¢ V O1).
@ therefore we conclude that M, w |= O(¢ V ) D (0o V Q).

Q O(eAY) D 0o

If M, w = O(é A ),

then there is a w' with wRw' such that M,w' |= ¢ A ¥
which implies that M, w’ |= ¢

since wRw’ we have that M, w |= ¢

therefore we conclude that M, w |= O(¢ A ) D O
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O T A O D O(pAY)

o If M,w E0O¢ A O then M.w |=0¢ and M, w = Q.

o M,w E O implies that there is a w' with wRw' such that
M, w' = 1.

o M,w = O implies that for all world accessible from w,
and therefore also for w', M, w’ |= ¢,

o this allows to conclude that M,w' = ¢ A

o and therefore, since wRw', M, w |= O(¢ A ).
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Q 904 D (Oy D -~0-v)

o M,w = Q¢ implies that there is a world w' with wRw' such
that M, w' |= ¢. (In the proof we will use only the fact that
there is a world w' accessible from w, the fact that
M, w' | & is completely irrelevant)

e suppose that M,w = O,

e than since wRw’, and for all world accessible from w, 1)
must be true, we have that M, w' =1,

e which implies that M, w' £~ —)

o the fact that w has an accessible world w' with
M, w' £ =) implies that M, w = O—p

o which implies that M, w | -0

e we can therefore conclude that M, w = [ D —0O0—) under
that assumption that M, w = O¢

e and therefore we conclude that

M, w E 04 D (O D -O-).
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o QT D =-0"L form<n
For n,m > 0, O" stands for (... 0.

o QT is equal to OT, and we have that M,w |= O T, if
there is a possible world wy accessible from w (i.e., wRw; )

o 02T is equal to OOT. therefore M, w = O?T if there is a
world wy with wRwy such that M, wy |= OT, which in turn
is true if there is a world wr with wy Rws.

e continuing reasoning like above, we have that M,w = 0" T

if there are n worlds wx, ..., w, such that wRw;,w; Rw,
... Wh—1Rw,, i.e., if there is a path (it can be also circular)
of n steps.
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@ O"T >-0mL form < n (cont'd)

m times

——
The formula O™ stands for O . ...
® M,w = -0 L means that M,w |= -0,
@ which implies that M, w— |=O_L. Notice that the only case in which
M, |= 0L is when there is no world accessible from w.
@ therefore, M, w = 0L implies that there iw a world wy accessible from
w, i.e., wRw'.
® M,w = —~[%°L means that M,w [~ %1,
@ this implies that there is a wy accessible from w such that
M, wy = OL, which in turns implies that there is a world w» accessible

form wy.
@ jterating m times the above reasoning we have that M, w = -O"_L if
there are m worlds wa, ..., wn with wRwy, wiRws, ..., Wn—1Rwp.

i.e., if there is a path of length m.
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Q 0"¢ > -O0™L for m < n (cont'd)
Summarizing:

o M,w = Q"T if there is a path of length n

o M,w = —-0O™L if there is a path of length m

e the fact that m < n implies that if there is a path of length
n there is also a path of length m (just take the first m steps
of the path of length n)

e which implies that M,w = O"T D -0 L with m < n.

Q 06V 0oV OL

Suppose that M,w = OL then

there is a world w', with wRw'.

we have that either M, w' = ¢ or M, w' [~ &

in the first case we have that M, w | Q¢

in the second case M, w' |= —¢ and therefore M, w = O—¢.
This implies that either 1 or O¢ or O—o is true in w.

and therefore M, w = Q¢ V O—¢ VvV OL.

© ©6 6 6 6 o o
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Q TV O-¢V (0d A OG=o)

o Suppose that M,w = Qo

e This implies that there is a world wy accessible from w such
that M, wy £ &,

o this implies that M, w;y = —¢ and therefore M, w = O—¢

o Suppose that M, w = O—¢ then there is a world w;
accessible from w such that M, w, = —¢,

o this implies that M, wy |= ¢ and therefore that M, w = O¢.

e we can conclude that if M, w = O¢ and M, w = 0=,
then M, w | Qb A om¢.

o which implies that M, w |= O¢ vV O=¢ V (Op A O—).
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Tableau Rules for the Propositional Logic

w i~ (¢ D 1)

wE oA w i~ (9 V1)
w = ¢ w E —d
wEé wE é wE ¢
wEoVY w = (¢ A1) wiE¢DY

wEolwkEY wES[wEY wES[wEY

Expansion rules for modal operators

g
w = 03¢ If wRw’ is already in % wher w’ is new in the
w’' |= ¢ the brench w K ¢ brench

% wher w’ is new in the W [~ Q@ If wRw’ is already in
w’ £ ¢  the brench

W E ¢

brench
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