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ALC Basic Inference Problems

The basic inference problems on concepts and T-boxes are the following:

Concept subsumption

C is subsumed by D, or equivalently, D
subsumes C, in symbols = C C D, if and
only if CZ C D7 in all interpretations Z
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ALC Basic Inference Problems

The basic inference problems on concepts and T-boxes are the following:

Concept subsumption

C is subsumed by D, or equivalently, D
subsumes C, in symbols = C C D, if and
only if CZ C D7 in all interpretations Z

Concept Subsumption w.r.t. T-Box

C is subsumed by D w.r.t., T-box T, or
equivalently, D subsumes C in T, in
symbols |= C C4 D, (an alternative
notation 7 |= C C D) if and only if

CT C D7? in all interpretations Z that
satisfies 7.
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ALC Basic Inference Problems

The basic inference problems on concepts and T-boxes are the following:

Concept subsumption

Concept consistency

C is subsumed by D, or equivalently, D
subsumes C, in symbols = C C D, if and
only if CZ C D7 in all interpretations Z

Concept Subsumption w.r.t. T-Box

C is subsumed by D w.r.t., T-box T, or
equivalently, D subsumes C in T, in
symbols |= C C4 D, (an alternative
notation 7 |= C C D) if and only if

CT C D7? in all interpretations Z that
satisfies 7.
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C is consistent if and only if there exists
an interpretation Z such that CZ # .
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ALC Basic Inference Problems

The basic inference problems on concepts and T-boxes are the following:

Concept subsumption

Concept consistency

C is subsumed by D, or equivalently, D
subsumes C, in symbols = C C D, if and
only if CZ C D7 in all interpretations Z

Concept Subsumption w.r.t. T-Box

C is subsumed by D w.r.t., T-box T, or
equivalently, D subsumes C in T, in
symbols |= C C4 D, (an alternative
notation 7 |= C C D) if and only if

CT C D7? in all interpretations Z that
satisfies 7.
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C is consistent if and only if there exists
an interpretation Z such that CZ # .

Concept consistency w.r.t a Tbox

C is consistent w.r.t. 7 if and only if
there a model Z of 7 with CT # ()
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ALC Basic Inference Problems

The basic inference problems on concepts and T-boxes are the following:

Concept subsumption

C is subsumed by D, or equivalently, D
subsumes C, in symbols = C C D, if and
only if CZ C D7 in all interpretations Z

Concept Subsumption w.r.t. T-Box

C is subsumed by D w.r.t., T-box T, or
equivalently, D subsumes C in T, in
symbols |= C C4 D, (an alternative
notation 7 |= C C D) if and only if

CT C D7? in all interpretations Z that
satisfies 7.
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Concept consistency

C is consistent if and only if there exists
an interpretation Z such that CZ # .

Concept consistency w.r.t a Tbox

C is consistent w.r.t. 7 if and only if
there a model Z of 7 with CT # ()

| A\

Consistency of a T-box

A T-box 7T is consistent, if there is an
interpretation Z that satisfies T, i.e.,
IET.

A\
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ALC Dependencies between basic inference
problems

Concept subsumption < concept consistency

= CLC D<= CM =D is not consistent (1)
T CC D<= Cn-D is not consistent w.r.t., T (2)

Proof.

We prove property (2). Indeed (1) is a special case of (2) with 7 = ().

TlECCD <= forall ZsuchthatZ =7, C* C D*
< forallZst. ZE=T,(CN-D)t =10
<= thereisno Z =T, (CN—-D)% £
<= CT11=D is not satisfiable in T
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Dependencies between basic inference problems

Concept consistency w.r.t., T-box < T-box consistency

C is consistent w.r.t. 7 <= T U {3Ppen.C} is consistent (3)

Where Py, is a “fresh” role, i.e., a role symbol not appearing in T

Proof.

— If C is consistent w.r.t. T, there is an interpretation Z that satisfies C and such
that CZ £ ). Let T/ be the extension of Z where (Prew) = A X CZ. Since CZ is
not empty we have that for all d € AZ there is a d’ € CZ such that
(d,d") € (Pnew)¥, this implies that d € (3Ppew.C. Since this holds for every
d € AT, we have that Z E T C 3Pnew-C, and therefore Z is a model for
T U{T C 3Pnew.C}.

<= If TU{T C 3Ppew.C} is consistent then there is a model Z that satisfies
T C 3Ppew.C. Since TZ is not empty, this implies that there is a d € IPpew-C,
which implies that there is a d’, with (d,d’) € Ppew and d’ € CZ, i.e., C is
consistent.
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Dependencies between basic inference problems

TU CMn—=D is not

{T C 3Ppew(CM D)}

is not consistent consistent in T
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(un)satisfiability general properties - exercises

Show that = C C D implies = 3R.C C 3R.D I
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(un)satisfiability general properties - exercises

Show that = C C D implies = 3R.C C 3R.D

Solution

We have to prove that for all Z, (3R.C)T C (3R.C)T under the
hypothesis that for all T, C* C D7.

o Let x € (3R.C)%, we want to show that x is also in (3R.D)~.

o Ifx € (3R.C)Z, then by the interpretation of AR there must be an y
with (x,y) € RT such that y € CT.

e By the hypothesis that C* C D for all I, we have thaty € DZ.
o The fact that (x,y) € RT and y € DT implies that x € (3R.D)*.
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ALC (un)satisfiability and validity - exercises

Exercise

For each of the following formula say if it is valid, satisfiable or unsatisfiable. If it is
not valid provide a model that falsify it.

VR(AT B) =VRATIVRB

VR(AU B) =VRAUVRB

JR(AM B) =3RAM3RB

JR(AUB) =3RAU3RB

L. Serafini LDKR
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ALC (un)satisfiability and validity - exercises

Exercise

For each of the following formula say if it is valid, satisfiable or unsatisfiable. If it is
not valid provide a model that falsify it.

VR(AM B) = VRATIVRB

VR(AU B) =VRAUVRB

JR(AN B) =3RAM3IRB

JR(AU B) =3RAUIRB

Solution

VR(AT B) =VRAUVYRB is valid and we can prove that
(VR(AN B))Z = (YR.ANVR.B)Z for all interpretations T.

(VR(AN B))T = {(x,y) € RT |y e (AN B)*}
={(x,y) € RT |y € AT n BT}
={(xy) e RT |y e AT} n{(x,y) € R" | y € BT}
= (VR.A)L N (VR.B)?

— (YR AnvYR R\T
L. Serafini LDKR
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ALC (un)satisfiability and validity - exercises

Exercise

For each of the following formula say if it is valid, satisfiable or unsatisfiable. If it is
not valid provide a model that falsify it.

VR(AM B) =VRATIVRB

VR(AU B) =VRAUVRB

JR(AN B) =3RAM3IRB

JR(AU B) =3RAUIRB

Solution

VR(AU B) =VRAUVYRB is not valid. The following model is such that
(VR(AU B))T # (VRAUVRB)T

| A\

@ 50 € (VR(AU B))% but
@ sy & (VRA) and

@ s & (VRB)L

However notice that the containment: VR.AUVR.B C VR.(AU B) is valid
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ALC (un)satisfiability and validity - exercises

Exercise

For each of the following formula say if it is valid, satisfiable or unsatisfiable. If it is
not valid provide a model that falsify it.

VR(AM B) =VRATIVRB

VR(AU B) =VRAUVRB

JR(AN B) =3RAM3IRB

JR(AU B) =3RAUIRB

Solution

JR(AMN B) = IRAM 3RB is not
valid. The following model is such that (3R(AM B)) # (3RAMVRB)*

| A\

@ 5o € (3RA) and
@ sy € (3RB)T but
@ s ¢ (3R(AN B))
However notice that the containment: 3R(AM B) C 3RAT 3RB is valid
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ALC (un)satisfiability and validity - exercises

Exercise

For each of the following formula say if it is valid, satisfiable or unsatisfiable. If it is
not valid provide a model that falsify it.

VR(AM B) =VRATIVRB

VR(AU B) =VRAUVRB

JR(AN B) =3RAM3IRB

JR(AU B) =3RAUIRB

Solution

| A\

JR(ALU B) = 3RAU 3RB is valid. We can provide a proof similar to the case of
VR.(AM B) =VR.AMVR.B, but in the following we provide an alternative proof,
which is based on other equivalences:

JR(AU B) = —VR(—(AU B))
ﬁVR.(‘!A M ﬁB)
—(VR.(-A) MVR.(—B))
ﬁ(VR.(—\A) (] —\VR,(—!B)
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ALC (un)satisfiability and validity - exercises

Exercise

For each of the following concept say if it is valid, satisfiable or
unsatisfiable. If it is valid, or unsatisfiable, provide a proof. If it is
satisfiable (and not valid) then exhibit a model that interprets the
concept in a non-empty set

Q@ «(YRAU3IR.(-ATTI-B))

Q 3R.(VS.C)MVR.(35.-C)

Q (35.CN35.D)NVS.(~C U-D)
Q@ 35.(CnD)n(¥S.~Cu3S.-D)
Q@ CN3iRAMIR.BMN—-IR.(AMNB)

L. Serafini LDKR
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ALC (un)satisfiability and validity - exercises

© 00

=(VR.AU3R.(-AM—=B)) Satisfiable

s € (~(VR.AU3IR.(-AN-B))*

[ A } s1 & (~(VR.AL3R.(=AN-B))T

JR.(VS.C) MVR.(3S.—C) unsatisfiable, since

JRNVS.C = =VR.=VYS.C = =VR.3S.=C. This implies that
JR.(VS.C)MVR.(3S.=C) is equivalent to

—(VYR.35.-C) M (YR.35.—C), which is a concept of the form
—B 1 B which is always unsatisfiable.

(3S.€ 1 35.D)NVYS.(=C U —D) satisfiable

3S.(Cn D) (VS.—C U 3S.=D) unsatisfiable

CN3IR.ANIR.BMN—3IR.(AM B) satisfiable

L. Serafini LDKR
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ALC Basic Inference problems with A-boxes

Consistency of an A-Box A

The A-box A is consistent if and only if is there a model Z that satisfies

A e, TE A
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ALC Basic Inference problems with A-boxes

Consistency of an A-Box A

The A-box A is consistent if and only if is there a model Z that satisfies
A e, TE A

| \

Consistency of a knowledge base K
The A-box A is consistent w.r.t., the T-box 7 if and only if is there a

model Z of T that satisfies A, i.e., there is a Z such that Z = T and
7EA

Consistency of a knowledge base

The assertion C(a) (resp, R(a, b)) is a logical consequence of the
knowledge base K, in symbols K = C(a) if for all interpretations Z that
satisfies /C, then Z = C(a) (resp, Z = R(a, b)
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ALC Complex Inference Tasks

Concept hierarchy

The subsumption hierarchy of 7T, is a partial order on the set of primitive
concepts defined as follows:

{A<BJA,B€Ycand ACT B}

| A\

Individual classification

For all individual o € ¥; determine all the primitive concepts A € ¥ ¢,
such that 7 = A(o).

A\,

L. Serafini LDKR
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Negation Normal Form

Definition

A concept C is in negation normal form (NNF) if the — operator is
applied only to atomic concepts

Every concept C can be reduced in an equivalent concept in NNF.

proof

A concept C can be reduced in NNF by the following rewriting rules that
push inside the — operator:

-(CnD) = -CU-D
-(CuD) = -Cn-D
-VR.C = JR.-C
—-3dR.C = VR.-C

L. Serafini LDKR
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Checking satisfiability of a concept in ALC

Tableaux

Let Gy be an ALC-concept in NNF. In order to test satisfiability of Cp,
the algorithm starts with Ag := {Co(x0)}. and applies the following rules:

Rule Condition — Effect

—-n GNG(x)eA — A:=AU{G(x), G(x)}

—U CluCg(x)GA — A:=AU{G(x)} or AU{G(x)}
—3 3JR.C(x) € — A:=AU{R(x,y),C(y)}

—v  VR.C(x), (x y)eEA — A:=AU{C(y)}

Every rule is applicable only if it has an effect on A, i.e., if it adds some
new assertion; otherwise it's not applicable.

L. Serafini LDKR



Inference/Reasoning problems in ALC
Tableaux reasoning in ALC

Checking satisfiability of a concept in ALC

Definition

An ABox A
is complete iff none of the transformation rules applies to it.
has a clash iff {C(x),~C(x)} C A

o
o
@ is closed if it contains a clash
°

is open if it is not closed

L. Serafini LDKR
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Checking satisfiability of a concept in ALC

Lemma

@ There cannot be an infinite sequence of rule applications

{Co(Xo)} — .Al — ./42 — ...

o If A’ is obtained by applying a deterministic rule to A, then
A is consistent iff A’ is consistent

o If A" and A" can be obtained by applying a non-deterministic rule
to A, then
A is consistent iff either A’ or A" are consistent

@ Any closed ABox A is inconsistent.

@ Any complete and open ABox A is consistent.

L. Serafini LDKR
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Canonical model

Satisfiability of complete and open A-box

To show item 5 of previous lemma, we describe a method for generating
an interpretation Z 4 starting from a complete and closed A-box .A. This
model is called Canonical interpretation

Canonical interpretation Z 4

Q@ A4 = {x|either C(x), r(x,y), or r(y,x) € A}
Q A4 = {x]|A(x) € A}
Q@ R™ = {(x,y)|R(x,y) € A}.

It is decidable whether or not an ALC-concept is satisfiable

L. Serafini LDKR
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Complexity of reasoning in ALC

Exercise
Consider the concept C, inductively defined as follows;

G = JRAUIR-A
JRAUIR-ATIVR.C,

Cn+1

Check the form of the canonical interpretation of the A-box generated
starting form {C,(x0)}.

| A\

Solution

Given the input description C, the satisfiability algorithm generates a
complete and open ABox whose canonical interpretation is a binary tree
of depth n, and thus consists of 2"1 — 1 individuals.

\

So in principle the complexity of checking sat in ALC is exponential in
space

L. Serafini LDKR
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Complexity of reasoning in ALC

Satisfiability of ALC concepts is PSPACE-complete.

Proof sketch of membership in PSPACE.

We show that if an ALC-concept is satisfiable, we can construct a model
using only polynomial space.

@ Since PSSPACE = NPSPACE, we consider a non-deterministic
algorithm that for each application of the —;-rule, chooses the
“correct” direction

@ Then, the tree model property of ALC implies that the different
branches of the tree model to be constructed by the algorithm can
be explored separately as follows:

© Apply the —r and —(, rules exhaustively, and check for clashes.

© Choose a node x and exhaustively apply the —3-rule to generate all
necessary direct successors of x.

© Exhaustively apply the —v rule to propagate concepts to the newly
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Exercises: Satisfiability in ALC

Exercise

Check the satisfiability of the following concepts:
Q@ ~(VRAUIR.(-AM=B))
@ JR.(VS.C)MVR.(3S.-C)
Q (35.Cn3S.D)nNVvS.(-Cu-D)
Q@ 3IS.(CnD)n(vS.-Cu3S.=D)
@ CN3IR.AMIR.BN—-IR.(AMNB)

L. Serafini LDKR
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ALC Tableaux - exercise

Exercise

Check by means of tableaux, if the following subsumption is valid

~VR.ANVR((YR.B) U A) C YR.~(3R.A) U3R.(3R.B)

Solution

| A\

@ to check subsumption of C = D, we check inconsistency of C LI =D,
i.e., inconsistency of

~VR.AMVYR((VR.B) U A) M ~(YR.~(IR.A) UIR.(R.B))  (4)

e First we transform (4) in NNF, as follows:

IR ~AMVYR(VR.BU A) M (IRIR.AMNVR.YR.~B)

\
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ALC Tableaux - exercise

3IR-AMNVR(VR.BUA) I (15),(7) »v (YVR.BUA)(x) (17
(3R3R.AMVR.YR.~B)(xo) (5) (17) —u VR.B(x2) (18
(5) = IR.-A(x0) (6) (15), (9) =v VR=B(x2) (19
VR(VR.BUA)(x0)  (7) (16) =3 R(x2;%3) (20
3R.3R.A(x0) (8) A(x3) (21
VR.YR.—B(x) 9) (20),(18) —=v B(xs) (22
(6) =3 R(x0,x1) (10) (20), (19) —v —B(x3) (23
—A(x1) (11) (22), (23) CLASH (24
(].0)7 (7) —v (VR.B [ A)(Xl) (12)
(10),(9) =v VR=B(x1) (13)
(12) =u VR.B(x1) (14)
(8) =3 R(x0,x2) (15)
IR.A(x) (16)
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ALC Tableaux - exercise

3IR-AMNVR(VR.BUA) I (15),(7) =v (YRBUA)(x) (17
(3R3R.AMVR.YR.~B)(xo) (5) (17) —u A(x2) (18
(5) =n IR.~A(x0) (6)
VR(VR.BUA)(x0)  (7)
3R.3R.A(x) (8)
VR.YR.~B(x) (9)
(6) —3 R(Xo,Xl) (10)
—A(x1) (11)
(10), (7) =v (VR.BUA)(x1) (12)
(10), (9) —v VR-B(x1) (13)
(12) =, VR.B(x1) (14)
(8) =3 R(x0,x2) (15)
3R.A(x2) (16)
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ALC Tableaux - exercise

3IR-AMNVR(VR.BUA) I (15),(7) =v (YR.BUA)(x) (17
(3R3R.AMVR.YR.~B)(xo) (5) (17) —u A(x2) (18
(5) = IR.-A(x0) (6) (15), (9) =v VR=B(x2) (19
VR(VR.BUA)(x0)  (7) (16) =3 R(x2,x3) (20
3R.3R.A(x0) (8) A(x3) (21
VR.YR.—B(x) 9) (20),(18) —=v B(xs) (22
(6) =3 R(x0,x1) (10) (20), (19) —v —B(x3) (23
—A(x1) (11)
(].0)7 (7) —v (VR.B [ A)(Xl) (12)
(10), (9) —v YR=B(x1) (13)
(12) =, VR.B(x1) (14)
(8) =3 R(x0,x2) (15)
3R.A(x2) (16)
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Consistency of ALC A-boxes

Consistency of ALC-ABoxe

Let Ag be an ALC-ABox in NNF. To test Aq for consistency, we simply
apply the rules given above to Aj.

Consistency of ALC ABoxes is PSPACE-COMPLETE.

L. Serafini LDKR
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Exercise

Which of the following statements are true? Explain your answer.
Q@ VR.(ANB)CVR.AMVYR.B
@ VR.AMVYR.BLCVR.(ATIB)
Q@ VRAUVR.BCVYR.(AUB)
Q@ VYR.(ALUB)CVR.AUVYR.B

@ JR(ANB)CIR.ANIR.B
Q@ JR(AUB)C 3IRALIR.B
@ JRAUIRBC IR(ALB)
@ JRANIR.BC IR.(AMB)

L. Serafini LDKR
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Exercise

Which of the following statements are true? Explain your answer.
Q@ VR.(ANB)CVR.AMVYR.B
@ VR.AMVYR.BLCVR.(ATIB)
Q@ VRAUVR.BCVYR.(AUB)
Q VYR.(ALUB)CVR.AUVYR.B
RT ={(x,y). (x,2)}, A'={y}, BF ={z}
@ JR.(ANB)C3IR.AMIR.B
Q@ JR.(AUB)C3IR.AUIR.B
@ JRAUIR.BC 3R.(AUB)

O 3IRAMIR.BC IR.(AMB)
R = {(X,y),(X,Z)}, Al = {Y}’ BT = {Z}

L. Serafini LDKR
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Reasoning in ALC with T-box

Subsumption w.r.t. TBoxes A subsumption C £ D follows from a TBox
T, in symbols T = C C D, if for every interpretation Z, if
IE=TthenZ=CLCD

Concept satisfiability w.r.t. TBoxes A concept C is satisfiable w.r.t. a
TBox T if there exists an interpretation Z =T and such
that CT # ().

TBox satisfiability A TBox 7 is satisfiable if, there is a model of 7 .

We have the following reductions to concept satisfiability w.r.t. T-Boxes:
e 7T E CLC Difand only if C1 =D is not consistent w.r.t. 7T.
@ T is satisfiable if T is consistent w.r.t. 7.
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ALC concept satisfiability w.r.t. Acyclic T-box

Definition (Acyclic T-box)

A TBox is acyclic if it is a set of concept definitions that neither contains
multiple definitions nor cyclic definitions.

Multiple definitions are of the form A= C and A = D for distinct
concept descriptions C and D

cyclic definitions are of the form

where C[A] means that the atomic concept A occurs in
the complex concept description C.
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Unfolding w.r.t. an acyclic T-Box

Naive reduction to ALC satisfiability

Satisfiability w.r.t. acyclic T-box can be reduced to ALC satisfiability without
T-Boxes by unfolding the definitions

Unfolding: recursively replacing defined names by their defining concepts until
no more defined names occur.

Definition (unfolding C w.r.t. 7))

If 7 is an acyclic T-box that does not contain multiple definitions, then the unfolding
of C w.r.t. T, is a concept denoted unfoldy(C) recursively defined as follows:

@ unfold7(A) = A if T does not contain any definition for A
unfoldy(A) = unfold(C) if T contains the definition A= C
@ unfold7(C o D) = unfold(C) o unfolds(D) for o =1,

@ unfold7(oC) = ounfold(C) for o = =, 3R, VR.

C is satisfiable w.r.t. T iff unfoldy(C) is satisfiable.
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ALC concept satisfiability w.r.t. Acyclic T-box

Exponential blow up

Unfolding may lead to an exponential blow-up,

Ao = YR.AMVS.A
Al = VYR.A;MVS.A

A1 = VRA,MVS.A,

One can easily check that the unfold of Ay generats a concept of length
2", and therefore the unfolding of a concept can grow exponentially

L. Serafini LDKR
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ALC concept satisfiability w.r.t. Acyclic T-box

Smarter strategy - Unfolding on demand

We adopt a smarter strategy: unfold only when a concept effectively
appear in the tree, and apply only one unfold step. Do not unfold
completely.

Rule Condition Effect

—
Sn GNGHx)eA — A= AU{G(x), G(x)}
U GUG(K) e A — A= AU{C(x)} or AU{GCo(x)}
—
_)
—

—2 3JRC(x) €A A= AU ) E:
—v  VR.C(x),R(x,y) € A A:=AU{C(y)}
7 AX)EAandA=CeT A= AU NNF(C)(x)

Satisfiability w.r.t. acyclic terminologies is PSPACE-COMPLETE in ALC.
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ALC concept satisfiability w.r.t. generic T-box

Intuition
@ CLC Disequivalentto TC -CUD

@ The set of axioms {T C —=C; UDy,..., T C =C,UD,} can be
compressed in one single axiom T T Cy, where

Cr=(-GUD)MN---MN(=CyUD,)

© For every individual x that is generated in the A-box A, we have to
add also the fact that it is of type Cr.

@ We extend the set of rules as follows:

Effect

A=A0U{GKx), G}

A= AU{G(x)} or AU{C(x)}
A= AU{R(x,y), C(y)}

A= AU{C(y)}

A= AUNNF(Cy)(x)

Rule Condition

—n Gn C2(X) cA

— U G u C2(X) cA

—3 3JRC(x)e A

—v  VR.C(x),R(x,y) € A
—7  x occurs in A

UL
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ALC concept satisfiability w.r.t. T-box

Check if C is satisfiable w.r.t. the T-box {C C 3R.C}

Solution

{C0)}

| \

termination is no longaer guaranteed

Due to the application of the —-rule, the nesting of the concepts does
not decrease with each rule-application step.
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ALC concept satisfiability w.r.t. T-box

Check if C is satisfiable w.r.t. the T-box {C C 3R.C}

Solution
{C(x)} =7 {C(x),~CU3IR.C(x)}

| \

termination is no longaer guaranteed

Due to the application of the —-rule, the nesting of the concepts does
not decrease with each rule-application step.
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ALC concept satisfiability w.r.t. T-box

Check if C is satisfiable w.r.t. the T-box {C C 3R.C}

Solution

{C(x0)} —7{C(x0),~CUIR.C(x0)}
—u {C(x0),3IR.C(x0)}

| \

termination is no longaer guaranteed

Due to the application of the —-rule, the nesting of the concepts does
not decrease with each rule-application step.
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ALC concept satisfiability w.r.t. T-box

Check if C is satisfiable w.r.t. the T-box {C C 3R.C}

Solution
{C(x)} —7{C(x),~CUIR.C(x)}
—U {C(Xo),HRC(Xo)}
=73 {C(X0)7 R(X07 X1)7 C(Xl)}

| \

termination is no longaer guaranteed

Due to the application of the —-rule, the nesting of the concepts does
not decrease with each rule-application step.
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Tableaux reasoning in ALC

ALC concept satisfiability w.r.t. T-box

Check if C is satisfiable w.r.t. the T-box {C C 3R.C}

Solution

{C0)} =7 {C(%),~CLI3R.C(x0)}
—u {C(x),3IR.C(x0)}
=3 {C(x0), R(x0,x1), C(x1)}
—T {C(Xo), R(Xo, Xl), C(Xl)7 -C L E'RC(Xl)}

| \

termination is no longaer guaranteed

Due to the application of the —-rule, the nesting of the concepts does
not decrease with each rule-application step.
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ALC concept satisfiability w.r.t. T-box

Check if C is satisfiable w.r.t. the T-box {C C 3R.C}

Solution

{C0)} =7 {C(%),~CLI3R.C(x0)}
—u {C(x),3IR.C(x0)}
=3 {C(x0), R(x0,x1), C(x1)}
—T {C(Xo), R(Xo, Xl), C(Xl)7 -C L E'RC(Xl)}
—u {C(Xo), R(Xo,X]_), C(X]_), E'RC(X]_)}

| \

termination is no longaer guaranteed

Due to the application of the —-rule, the nesting of the concepts does
not decrease with each rule-application step.
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ALC concept satisfiability w.r.t. T-box

Check if C is satisfiable w.r.t. the T-box {C C 3R.C}

Solution

{Cl0)} 7 {Clx0),~C U3R.Clxo))
—u {C(x),3IR.C(x0)}
—3 {Clx0), R(x0,x1), C0a)}
—T {C(Xo), R(Xo, Xl), C(Xl)7 -C L E'RC(Xl)}
—u {C(Xo), R(Xo,X]_), C(X]_), E'RC(X]_)}
—3 {C(X0)7 R(XOa X1)7 C(X1)7 R(X17X2)a C(XZ)}

| A\

termination is no longaer guaranteed

Due to the application of the —-rule, the nesting of the concepts does
not decrease with each rule-application step.
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ALC concept satisfiability w.r.t. T-box

Check if C is satisfiable w.r.t. the T-box {C C 3R.C}

Solution

{C0)} =7 {C(%),~CLI3R.C(x0)}
—u {C(x),3IR.C(x0)}
—3 {Clx0), R(x0,x1), C0a)}
—T {C(Xo), R(Xo, Xl), C(Xl)7 -C L E'RC(Xl)}
—u {C(Xo), R(Xo,X]_), C(X]_), E'RC(X]_)}
—3 {C(X0)7 R(XOa X1)7 C(X1)7 R(X17X2)a C(XZ)}
= coo

termination is no longaer guaranteed

| A\

Due to the application of the —-rule, the nesting of the concepts does
not decrease with each rule-application step.
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ALC concept satisfiability w.r.t. T-box

Blocking

@ y is an ancestor of y in an A-box A, if A contains

RO(%Xl)a Rl(XlaX2)7 D) Rn(X,”X)

o t(x) ={C|C(x) € A}
@ x is directly blocked in A if it has an ancestor y with +(x) C t(y)
@ if y is the closest such node to x, we say that x is blocked by y

@ A node is blocked if it is directly blocked or one of its ancestors is
blocked

Restriction

Restrict the application of all rules to nodes which are not blocked
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ALC concept satisfiability w.r.t. T-box

Check if C is satisfiable w.r.t. the T-box {C C 3R.C}

Solution

{€(x0)} —7{C(x),~CUIR.C(x0)}
=1 {C(x),3IR.C(x0)}
—3 {C(x0), R(x0,x1), C(x1)}

v

Termination
With blocking strategy the algorithm is guaranteed to terminate
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ALC concept satisfiability w.r.t. T-box

Check if C is satisfiable w.r.t. the T-box {C C 3R.C}

Solution

{€(x0)} —7{C(x),~CUIR.C(x0)}
=1 {C(x),3IR.C(x0)}
—3 {C(x0), R(x0,x1), C(x1)}

xq Is blocked by xq since

£(x) = {C} C L(x) = {C,3R.C}

v

Termination
With blocking strategy the algorithm is guaranteed to terminate
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ALC concept satisfiability w.r.t. T-box

Cyclic interpretations

The interpretation Z 4 generated from an A-box A obtained by the
tableaux algorithm with blocking strategy is defined as follows:

o AT4 = {x| C(x) € A and x is not blocked}
o A4 = {x € AT4 | A(x) € A}
o RTA ={(x,y) € ATA x ATA | R(x,y) € A} U
{(x',x) | x' € ATA, R(x',x) € A,and x is blocked by y}

Complexity

The algorithm is no longer in PSPACE since it may generate role paths of
exponential length before blocking occurs. S

Theorem

Satisfiability of an ALC concept w.r.t. general T-box is
ExPTIME-COMPLETE
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Finite model property

A consistent T-box in ALC has a finite model l

The model constructed via tableaux is finite. Completeness of the
tableaux procedure implies that if a T-box is consistent, then the
algorithm will find a model, which is indeed finite
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Transform =(AU (=B N E) U (IR.(CUVP.(-D U (3IP.-D))))) in
negation normal form. Show that K = A(a)

Let K = (T, A) with T={T CVR.C, CMALC 1, and A = {3R.A}
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